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All independent components of all electric polarizability and hyperpolarizability tensors up to 
the fourth rank have been calculated near the Hartree-Fock limit for L i2(l a 2 l a l 2 a l , X l 27+). 
Many of the molecular properties reported in this paper appear for the first time in the literature. 
Our values for the isotropic components of the C, B and y hyperpolarizabilities are 
1487 e2 öo Eb l, — 490 x 102 e3 E^2 and 510.5 x 103 e4 aft E^3 respectively.

I. Introduction and Theory

The importance of electric moments and polariz­
abilities in the interpretation of a large variety of 
phenomena has increased considerably the interest 
in both accurate predictions and experimental deter­
minations of these properties [1]. Among the most 
important theoretical contributions to the field we 
note the calculation of dipole moments and static 
electric dipole polarizabilities for Ne, HF, H20 , 
N H 3, CH4 and CO from both SCF and correlated 
wavefunctions by Werner and Meyer [2], the Many- 
Body-Perturbation-Theory (MBPT) treatment of 
electron correlation effects on the dipole polariz­
abilities and hyperpolarizabilities of FH reported 
by Bartlett and Purvis [2], the Variation-Perturba- 
tion Theoretic (VPT) calculation of all polariz­
ability tensors up to the fourth rank for H2 by 
Bishop and Cheung [2], the Coupled Hartree-Fock 
(CHF) calculation of the first dipole hyperpolariz­
ability for H20 , NH3, CH4 and CO by Lazzeretti 
and Zanassi [2], the SCF study of the NeHF van der 
Waals molecule by Fowler and Buckingham [2], the 
elegant reformulation of the theory of multipole 
moments and static polarizabilities by Applequist
[2], the calculation of higher order electric moments 
for FH, CO and N 2 by Bounds and Wilson [2], the 
near Hartree-Fock calculation of electric polariz­
ability tensors up to the sixth rank for CH4 by 
Diercksen and Sadlej [2], and the application of 
derivative Hartree-Fock (DHF) theory to the calcu­
lation of dipole and quadrupole polarizabilities for 
H 2, N 2 and acetylene by Dykstra [2], Among the
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latest contributions to the experimental determina­
tion of molecular hyperpolarizabilities we note the 
third harmonic generation (THG) measurements of 
the third-order nonlinear susceptibility of liquids by 
Meredith et al. [3], the four wave mixing (FWM) 
non-resonant third-order susceptibilities for gases 
reported by Lundeen et al. [3], and the measure­
ment of second- and third-order electric polariz­
abilities using dc electric-field-induced second- 
harmonic generation by Dudley II and Ward [3].

Recently, we have reported near Hartree-Fock 
values for all the independent components of all 
electric moments and static electric polarizability 
tensors up to the fourth rank for the ground state of 
Ne [4], FH [5], BH and CH+ [6], Be, B+ and C 2+ [7], 
Ar [8], OH", F - NeH+ and Mg2+ [9], L i+, Li and 
Li“ [10], LiH [11], N2 [12], and H2 [13]. In this 
approach the electric polarizabilities and hyper­
polarizabilities are calculated from the perturbed 
energy and multipole moments of the system in the 
presence of the static field of a distant electric 
charge. In the case of the molecular systems the 
calculation of the above properties for three or four 
different bond lengths leads to the study of their 
dependence on the molecular geometry. Our ap­
proach has two distinct advantages: first, a few 
calculations on the atom-charge or molecule-charge 
system suffice for the determination of all the afore­
mentioned properties and second, no modification 
of the standard SCF programmes is required.

In this paper we report near Hartree-Fock values 
for the electric moments and static electric polariz­
abilities of Li2(1 <7g 1 ct2 2<jg, X! 27^) calculated from 
LCAO-SCF wavefunctions in the Born-Oppenheimer 
approximation. The theoretical study of metal 
clusters has attracted particular attention in recent
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years [14]. Ab initio calculations on small lithium 
clusters have been reported at both the SCF and Cl 
level [15]. Although previous work concerned mostly 
energies and molecular geometries, recent efforts 
focussed on the calculation of electric properties 
[16]. Our calculation of electric properties for Li2 is 
the first complete one, in the sense that all electric 
moment and static polarizability tensors up to the 
fourth rank are included in the present study. We 
also report a calculation of the Li2-e~ static inter­
action potential and discuss the relative importance 
of the higher polarizabilities in intermolecular 
interaction studies as the magnitude of these prop­
erties leads to valuable deductions about the chem­
ical behaviour of the molecule [17].

In this paper we follow the spirit, if not the letter, 
of Buckingham’s paradigm and write the energy, 
dipole, quadrupole and octopole moments of an 
unchanged system in the presence of a general 
electric field as

E  =  E * - n l F - \ 0 l ß F , ß - ± Q « ß y F ;xßy

105 ^  aßyö Fxßyd • • •

~2 ^ CLß Fa  F ß  " J  A a ß y F,} F ßy 

~  ^  ^Oiß, yö F%ß Fyfi  j y  E ß y$ F a F ß yS • • • 

- l ß * ß y  F ^  F ß F y - j  Bzß' yS F ß F ys +  . . .

~  35-  y<xßySF0LF ß F y F ö +  . . .  ,

M oL ~  ^ 3  ß F ß  +  J  A x  ß y F ß y +  - j y  E^ Jj y f i  F ß yh

+  {  ß l ß y  F ß  F y  +  J  y S  F ß F y S

+ { VafiyS F ß F y F ö +  , (2)

0 aß 0 aß A y, aß Fy +  Gaß, yd FyS
+  jßyd,aß F y F s +  ...  , (3)

Q * ß y =  Q * ß y +  E 6' 0Lßy F s +  ..., (4)

where E°, //°, 0°,  Q°  and 0 °  are the energy and 
permanent multipole moments of the free molecule 
and a, ß , y, A, C, E and B  the static electric polariz­
abilities. Fa, F 0lß, etc. are the electric field, field 
gradient etc. at the origin. The greek subscripts 
denote cartesian tensor components; a repeated 
subscript denotes a summation over all cartesian 
coordinates x , y  and z.

For a centrosymmetric diatomic molecule, with 
the inversion centre as the origin, we have

ß a  =  & a ß y  =  ß a ß y  =  ^ a . ß y  =  0- (5)

With z as the molecular axis, we specify the 
quadrupole and hexadecapole moments by their 0 ZZ 
and 0 ZZZZ components, the dipole polarizability by 
i zz and ctxx, the second dipole hyperpolarizability 
by yzzzz, yxxzz and yx x x x , the quadrupole-quadru- 
pole one by Czz zz, Cxzxz and CXXyXX, the dipole- 
octopole by EZtZZZ and Ex xxx, and the dipole- 
dipole-quadrupole by Bzz zz, Bxzxz, Bxxzz and
B.xx.xx- Relevant algebraic formulae for the com­
putation of the above tensor components were given 
in previous papers [ 4 -  13]. In this work we follow a 
similar but slightly different method. The reason for 
this is the anticipated order or magnitude of the 
polarizabilities of the lithium dimer. We give here­
inafter the formulae for the computation of the 
axial components of the hyperpolarizabilities.

F z,zzz is computed from (4), the octopole moment 
induced by the quasi homogeneous field of a very 
distant electric charge:

r 2

-  OzzA Q ,  R.  0))

= - - g - ß « z ( ß , * . 0), (6)

(1) where Q a,ßy( Q,  R, 0) is the octopole moment in the 
presence of the static field of a charge Q  placed at a 
distance R  from the origin, with 0 the angle defined 
by the position vector of the charge and the positive 
z axis.

Czz,zz and Bzz zz are computed from the induced 
quadrupole moment as

R 3
C„, „  = —  (3 0», + 6>„ (2 Q,  R , 0) -  4 0 „ (ß ,  R , 0)),

(7)
R 4

Bzz,zz = ~q2 (ßzz + &zz(2 Q, R, 0) -  2 0 ZZ(Q, R, 0)), 
ü  (8)

where 0 olß(Q, R , 0) is defined as in the case of the 
octopole.

Last yzzzz is computed from the induced dipole 
moment as

R 6
yzzzz =  - q 3 (~ ^ ( 3 ß» R > 0) + 3/^(2 Q,  R ,  0)

- 3  f t z ( Q , R , 0 ) ) .  (9)
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We report also values for the isotropic and aniso­
tropic components of the polarizabilities defined as

* = j ( a zz +  2 a xx) ,  (10)

A a = azz -  axx , (11)

C =~Iö (C2Z'ZZ+  8 C XZ'XZ +  8 C XX'XX) ,  (12)

A \ C = 5 Czz z: + 4 Cxz> xz -  8 Cxx xx) , (13)

A 2 C = 2 CZZj zz -  4 Cxz xz +  Cxx> , (14)

B = Ts ( B zz, zz + 4 B XZ<XZ + B xx>zz + 4 B XXtXX) ,  (1 5)

A \ B  — B zzzz  + 2 B XZXZ — 3 B xx zz — 4 B x x x x  , (16)

A 2B  = 3 B zzzz  — 8 B xz xz +  26 B xx zz +  \ 6 B XXXX, (17)

A 3B  =  3 B zz zz -  8 B xz xz -  2 B xx zz +  2 B x x x x  , (18)

y = T s ( 3 y z z z z  +  %yxxxx+ i 2 y xxzz) ,  (19)

A 1 y = 3 yzzzz -  4 yxxxx  +  3 , (20)

A 2y = yzzzz + yx x x x ~ 6 y x x z z . (21)

Atomic units are used throughout this paper. One 
a.u. of energy is equivalent to 4.3598 x 10_ 18 J, of 
length to 0.52917706 x 10-10 m, of n to 8.4784 
x IO '30 Cm , of 0  to 4.4866 x IO"40 C m 2, of Q to 
2.3742 x IO"50 C m 3, of <t> to 1.2564 x IO“60 C m4, of 
a to 0.16488 x 10"40 C2 m2 J " 1, of y to 0.62360 
x 10~64C4 m4J"3, of C or E  to 4.6171 x 10“62 
C 2 m4 J-1, and of B  to 1.6967 x 10-63 C3 m4 J -2.

II. Results and Discussion

We carried out our calculations with a (14s 5p Id) 
GTO basis set contracted to [8s 5p 1 d]. This set was 
built upon a (13s 4 p) [7s 4p] sp substrate [18] and 
further enlarged to (14s 5p) [8s 5 p] by adding one 
diffuse s-GTO and one diffuse p-GTO with ex­
ponents 0.00985 aö2 and 0.0514 a^2 respectively. The 
exponents were chosen as to roughly continue the 
geometric progression of the preceding ones. The 
final basis set included one d-GTO with exponent
0.01 a ö 2.

All calculations were performed with this final 
basis set at the experimental bond length of 5.05 a0. 
The energy and the electric moments were deter­
mined by one calculation on the free molecule. Our 
value for E°  is -  14.87136799 £ h which is only
0.000195 Eh higher than the accurate numerical 
Hartree-Fock result [19]. The agreement is also good

for the respective quadrupole moment which differs 
only about -  0.5% from the numerical result while 
the hexadecapole moment is somewhat larger 
(Table 1). Such divergences are to be expected for 
higher order multipole moments, even close to the 
Hartree-Fock limit [2g],

The electric polarizabilities were calculated from 
the electric dipole, quadrupole and octopole moments 
induced by the field of charges +1, +2, and +3 
placed at a distance R = 4 0 a 0 from the center of 
mass of the molecule and 9 = 0, |  and f. The 
calculated values are given in Table 1, along with 
other theoretical results. The two early Time- 
Dependent Hartee-Fock (TDHF) results predict 
values for the parallel and perpendicular com­
ponents for a which are both larger than ours [20, 
21]. Our value for a zz js 251 e 2 a l  E b \  in good agree-

Table 1. Electric moments and polarizabilities
for Li2( X 'r + ) a.

Property SC Fb T D H FC T D H F d SC Fe N - H F f

& - 10.5783 10.8g 10.632695
<t>zzzz 90.9296 84.09240

251 256.33 270.39 249.1
®.r.r 158 189.09 187.19 179.0
5 189 211.50 214.92 202.4
A a 93 83.20 67.24 70.1
yz z:: 1900.5 x 103
yxxxx 205.2 x 103
Vxxzz 26.2 x 103
7 510.5 x 103
a i y 4959.3 x 103
A 2y 1948.5 x 103
Czz zz 1377 1625
r xz, xz 994
ĉ  XX, XX 693 419
c 1487
A, C 5317
A 2 C -529
Ez.zzz 2102 1375
FIjX. XXX -320 -7 5 0
B::,zz -1114 x 102 -115625
Bxz, xz -390  x 102
BXX, zz 159 x 102
BXX, XX -2 9 0  x 102 -28125
B -490  x 102
A , B -1211 x 102
a 2 b -728  x 102
a 3b — 1120 x 102

a The center of mass is at the origin (0, 0, 0) with z as the 
molecular axis. -  b Present investigation. 

c Time dependent Hartree-Fock [20]. — d [21]. — e [22b]. 
f Numerical Hartree-Fock [19]. — g [22 a].
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ment with the 249.1 e2 al E^x ° f  Bishop et al. [22 b]. 
However, the good agreement does not extend to the 
perpendicular components. The basis set used in 
their study is somewhat smaller than ours, (10s 5p) 
[5 s 5p]. Our calculation of the second dipole hyper­
polarizability of Li2 is, to our knowledge, the first to 
appear in the literature. The axial component of 
this property is quite large, 1900.5 x 103e4 al E^3. 
As a useful check we computed this property from 
the perturbed energies too, using a formula similar 
to (9). We found a value about -  0.25% different 
from the aforementioned one, a proof of the reli­
ability of our approach. Bishop et al. [22 b] calculat­
ed also the axial and perpendicular components of 
the C, E and B tensors. For C and E our values are 
rather different than theirs. The agreement is 
surprisingly good for Bzz zz and Bxx xx where our 
values differ from theirs less than 4% in either case, 
which is more than can be expected for tensors of 
such high rank.

In Tables 2 and 3 we present the contribution of 
the multipole moments and static polarizabilities to 
the interaction of Li2 with an electron at various 
distances from the center of mass of the diatomic. 
The electrostatic and inductive parts of £ int are

computed from (1). The expansion in (1) becomes 
less acurate as the electron approaches close to the 
molecule i.e. converges slowly and additional terms 
are required if a more rigorous treatment is to be 
obtained. It is apparent from Tables 1 and 2 that the 
hyperpolarizabilities contribute more than sub­
stantially to the interaction energy for the relatively 
shorter distances R. Their importance in inter­
molecular interaction studies were anticipated in an 
early paper by Buckingham [17b]. A similar con­
clusion was reached by Tatewaki and Nakamura
[23] who found that in the physisorption of Ar on 
the ionic crystals Li+F _, Na+Cl_ and K+C1~ the 
contribution of the quadrupole-quadrupole polariz- 
ability is as important as that of the dipole one. The 
higher polarizabilities should also be expectd to be 
of importance in the interpretation of related phe­
nomena, as the interaction of molecules with metal 
surfaces [24], The contribution of the B tensor is 
positive for both the collinear and the perpendicular 
approaches. As the isotropic component of this 
tensor was found to be negative for all atomic and 
molecular systems, at least in the case of the 
diatomics for the latter, we may conclude that B 
represents the electrophobic part for the e_-atom or

Table 2. Contribution of the electric moments and polarizabilities to the L i2-e interaction energy, collinear approach a.

R &z z 0̂ z zzz oczz Czz, , ; F*-z, zzz B zz , zz Vzzzz £ e lb ndC E d

7 -0.0308 -0.0054 -0.0523 -0.0176 -0.0179 0.0676 -0.0137 -0.0362 -0.0339 -0.0701
10 -0.0106 -0.0009 -0.0125 -0.0021 -0.0021 0.0056 -0.0008 -0.0115 -0.0119 -0.0234
13 -0.0048 -0.0002 -0 .0044 -0.0004 -0.0004 0.0009 -0.0001 -0.0050 -0.0044 -0.0094
16 -0.0027 -0.0001 -0.0019 -0.0001 -0.0001 0.0002 -0.0000 -0.0027 -0.0019 -0.0046
20 -0.0013 -0.0000 -0.0008 -0.0000 -0.0000 0.0000 -0.0000 -0.0013 -0.0008 -0.0021
30 -0.0004 -0.0000 -0.0002 -0.0000 -0.0000 0.0000 -0.0000 -0.0004 -0.0002 -0.0006

The center of mass of Li2 is at the origin (0, 0, 0) with z as the molecular axis and the electron at (0, 0, R)  along the 
positive z axis. -  b The sum of the contributions of the electric moments.
The sum of the contributions of the polarizabilities. -  d £ int = £ el + Eind.

Table 3. Contribution of the electric moments and polarizabilities to the L i2-e interaction energy, perpendicular 
approacha.

R & zz ® zzzz r XX, XX F̂x, xxx RXX, XX I x x x x Ee\ ^ind C E d

6 0.0245 -0.0044 -0.0610 -0.0223 0.0069 0.0518 -0.0050 0.0201 —0.0296 —0.0095
10 0.0053 -0.0003 -0.0079 -0.0010 0.0003 0.0014 - 0 . 0 0 0 1 0.0050 —0.0073 —0.0023
15 0.0016 - 0 . 0 0 0 0 -0.0016 - 0 . 0 0 0 1 0 .0 0 0 0 0 .0 0 0 1 - 0 . 0 0 0 0 0.0016 -0.0016 - 0 . 0 0 0 0
20 0.0007 - 0 . 0 0 0 0 -0.0005 - 0 . 0 0 0 0 0 .0 0 0 0 0 .0 0 0 0 - 0 . 0 0 0 0 0.0007 -0.0005 0.0002
30 0.0002 - 0 . 0 0 0 0 - 0 . 0 0 0 1 - 0 . 0 0 0 0 0 .0 0 0 0 0 .0 0 0 0 - 0 . 0 0 0 0 0.0002 - 0 . 0 0 0 1 0 .0 0 0 1

The center of mass of Li2 is at the origin (0, 0, 0) with z as the molecular axis and the electron at (0, R, 0) along the 
positive .v axis. -  b The sum of the contributions of the electric moments.
The sum of the contributions of the polarizabilities. — d Eml =  £ el +  £ ind.
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e_-molecule interactions (see [2c] and [4-13] for 
other B values.).

We do not discuss here the effect of electron 
correlation on the calculated properties as it is 
beyond the scope of the present work and will be 
treated in a future paper. For a discussion on the 
calculation of the dipole polarizability using corre­
lated wavefunctions we refer to Bishop et al. [22 b].

III. Conclusions

We have calculated electric polarizabilities and 
hyperpolarizabilities for the ground state of the

lithium dimer. The reported values should be close 
to the Hartree-Fock limit. The large internuclear 
separation of Li2 accounts for the particularly soft 
electronic distribution along the molecular axis and 
leads to very enhanced electric polarizabilities and 
hyperpolarizabilities.
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